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Let 0 be a locally compact abelian ordered group. We say that 0 has the exten-
sion property if every operator valued continuous positive definite function on an
interval of 0 has a positive definite extension to the whole group and we say that
0 has the commutant lifting property if a natural extension of the commutant
lifting theorem holds on 0. We give a characterization of the groups having the
extension property in terms of unitary extensions of a particular class of multi-
plicative family of partial isometries. It is proved that if a group has the extension
property and satisfies an archimedean condition then it has the commutant lifting
property. It is also proved that if the ordered group 1 has the extension property
and satisfies an archimedean condition then 0=1_Z with the lexicographic order
has the extension property. As an application we obtain that the groups Zn and
R_Zn with the lexicographic order have the extension property and the commu-
tant lifting property.  2001 Academic Press
1. INTRODUCTION
This paper deals with two fundamental results of functional analysis: the
Krein extension theorem [17] and the Sz. NagyFoias commutant lifting
theorem [22].
Ordered groups provide a natural structure for considering extensions of
these results.
Given a locally compact abelian ordered group 0, we try to find out if
it has one of the following properties:
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(A) Every operator valued continuous positive definite function on
an interval of 0 can be extended to a continuous positive definite function
on the whole group 0.
(B) Every commutant XW1 (|)=W2 (|) X, where [W1 (|)] and
[W2 (|)] are semigroups of contractions on 0, can be lifted to a commu-
tant YV1 (|)=V2 (|) Y where [V1 (|)] and [V2 (|)] are the minimal
isometric dilations of the semigroups of contractions.
These are open problems for a general ordered group 0.
Condition (A) will be called the extension property and condition (B)
will be called the commutant lifting property.
In a previous paper [8] we gave a characterization of the groups having
the commutant lifting property in terms of unitary extensions of multi-
plicative families of isometries with a generating pair of subspaces.
In this paper we give a characterization of the groups having the extension
property in terms of unitary extensions of multiplicative families of isometries
with a central generating subspace (Theorem 1).
We prove that if a group has the extension property and if it satisfies an
archimedean condition then it has the commutant lifting property (Theorem 3).
We also prove that if the ordered group 1 has the extension property, it
satisfies an archimedean condition and 0=1_Z with the lexicographic
order then 0 has the extension property (Theorem 4).
Consider the groups Zn and R_Zn with the lexicographic order. As an
application we obtain that these groups have the extension property and the
commutant lifting property (Theorems 5 and 6, Corollaries 2 and 3).
Remark 1. Krein [17] proved that every continuous positive definite
scalar valued function on (&a, a)/R can be extended to a continuous
positive definite function in the whole line. Gorbachuck [15] extended the
result of Krein for operator valued functions. See also [5].
Rudin [19] proved that the result of Krein cannot be extended to Z2 or
R2 and a rectangle. However, Devinatz [11] gave some conditions for
extensions of Krein’s result to these cases. These conditions where relaxed
by Eskin [13]; see also [4]. It is known that a scalar valued positive
definite function defined on an interval of an ordered group can be
extended to a positive definite function on the whole group (see Sasva ri’s
book [21, p. 105]).
Remark 2. The case n=1 of Corollary 2 corresponds with the Sz.
NagyFoias commutant lifting theorem. Several extensions of this theorem
have been given; see, for example, [3, 10, 18].
This commutant lifting theorem is a purely geometrical extension of
some results of Sarason where the classical interpolation problems are
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encompassed in a representation theorem of operators commuting with
special contractions; see [20].
In [12], an extension of the Sarason commutation theorem was given
for discrete ordered groups.
2. BASIC RESULTS ON POSITIVE DEFINITE FUNCTIONS
AND MULTIPLICATIVE FAMILIES OF ISOMETRIES
Let (0, +) be an abelian group with neutral element 0. 0 is an ordered
group if there exists a closed set 01 /0 such that
01+01=01 , 01 & (&01)=[0], 01 _ (&01)=0.
In this case if x, y # 0 we write x y if y&x # 01 , we also write x<y if
x y and x{ y.
If a, b # 0 and a<b,
(a, b)=[x # 0 : a<x<b], [a, b]=[x # 0 : axb], etc.
Let H be a Hilbert space and let 0 be an abelian ordered group. Let a # 0
be such that a>0 and let k: [&2a, 2a]=[&a, a]&[&a, a]  L(H) be a
function. k is said to be positive definite if
:
x, y # [&a, a]
(k(x& y) h(x), h( y))H0
for all functions h: [&a, a]  H of finite support.
If 0 is a topological group then it is easy to prove, see, for example, [14,
Lemma 2], that a positive definite function k: [&2a, 2a]  L(H) is weakly
continuous at 0 if and only if it is uniformly strongly continuous. So we will
say that a positive definite function k is continuous if it is weakly con-
tinuous at 0.
It is known that to each positive definite function on an abelian group
corresponds a unitary representation of the group on a Hilbert space; see, for
example, [23, p. 25]. For the case of an ordered group and a positive
definite function defined only on an interval we will show that a multi-
plicative family of partial isometries can be associated in a very natural
way. We will prove that the function can be extended to a positive definite
function on the whole group if and only if the associated multiplicative
family of partial isometries can be extended to a group of unitary operators
(Lemma 1).
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Let 0 be an abelian ordered group and let H be a Hilbert space. Let
a # 0 be such that a>0 and let k: [&2a, 2a]  L(H) be a positive definite
function.
Let M be the linear space defined by
M=[ f : [&a, a]  H : support of f is finite].
For f, g # M we define
( f, g) M= :
x, y # [&a, a]
(k(x& y) f (x), g( y)) H .
It is clear that ( , ) M is a non-negative sesquilinear form on M. Let E
be the Hilbert space obtained by completing M after the natural quotient.
If | # [0, a] we define
M|=[ f # M : support f /[&a, a&|]]
and for f # M| we define
(S| f )(x)={0f (x&|)
if &ax<&a+|;
if &a+|xa.
Then S| : M|  M is an isometric operator. Let E| be the closure of M|
in E. It is clear that S| can be extended to an isometric operator from E|
to E, that we will denote by S| too.
It is easy to check that the family (S| , E|)| # [0, a] is a multiplicative
family of partial isometries in the following sense:
Definition 1. Let E be a Hilbert space, let 0 be a locally compact
abelian ordered group and let 4=01 or 4=[0, a] where a # 0 and a>0.
A multiplicative family of partial isometries on (E, 0) is a family
(S| , E|)| # 4 such that:
(a) For each | # 4 we have that E| is a closed subspace of E and
E0=E.
(b) For each | # 4, S| : E|  E is a linear isometry and S0=IE .
(c) Ey /Ex if x, y # 4 and x<y.
(d) If x, y # 4 and x+ y # 4 then SyEx+ y /Ex and Sx+ yh=SxSyh
for all h # Ex+ y .
We will say that the multiplicative family of partial isometries
(S| , E|)| # 4 is strongly continuous if for all |0 # 4 and h # E|0 the function
| [ S| h from [0, |0] to E is continuous.
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When the family (S| , E|)| # 4 is obtained from k as before, we will say
that it is the multiplicative family of partial isometries associated with the
positive definite function k.
It is clear that k is continuous if and only if the family (S| , E|)| # 4 is
strongly continuous.
We have the following result.
Lemma 1. Let 0 be a locally compact abelian ordered group, a # 0,
a>0. Let H be a Hilbert space and let k: [&2a, 2a]  L(H) be a con-
tinuous positive definite function. If (S| , E|)| # [0, a] is the multiplicative
family of partial isometries associated with k, then the following conditions
are equivalent:
(i) There exists a continuous positive definite function K: 0  L(H)
such that K | [&2a, 2a]=k.
(ii) There exist a Hilbert space G containing E as a closed subspace
and a strongly continuous unitary representation (U|)| # 0 of 0 in L(G) such
that S|=U| |E| for all | # [0, a].
Proof. If we suppose (i) then the multiplicative family of partial
isometries associated with K will give rise to a strongly continuous unitary
representation of 0 which extends (S| , E|).
Suppose (ii). For |0 # 0, let $|0 be the function defined by
$|0 (|)={1 if |=|00 otherwise.
Let h # H, | # [&a, a]. Then h$| is an element of M. Let [h$|] denote
the equivalence class of h$| in E.
If |0 then [h$0] # E| and
U| [h$0]=S| [h$0]=[h$|].
If |0 then [h$|] # E&| and
U&| [h$|]=S&| [h$|]=[h$0],
so U|[h$0]=[h$|].
We conclude that
U| [h$0]=[h$|] for all | # [&a, a], h # H.
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Let |, |$ # [&a, a], h, h$ # H. Then
(k(|&|$) h, h$) H=([h$|], [h$$|$]) E
=(U| [h$0], U|$ [h$$0]) G
=(U|&|$ [h$0], [h$$0])G .
If we define {: H  G by {h=[h$0] then
&{h&2G=({h, {h) E=(k(0) h, h)H&k(0)&L(H) &h&
2
H
so { is a bounded linear operator and for | # [&2a, 2a]
k(|)={*U| {.
Defining K(|)={*U| { for all | # 0 we obtain (i). K
Remark 3. Some similar results and definitions were given by the
authors in [7], but considering [0, a) instead of [&a, a].
3. THE EXTENSION PROPERTY AND UNITARY EXTENSIONS OF
MULTIPLICATIVE FAMILIES OF ISOMETRIES
Definition 2. Let 0 be a locally compact abelian ordered group. We
will say that 0 has the extension property if the following holds:
If H is a Hilbert space, a # 0, a>0 and k: [&2a, 2a]  L(H) is a con-
tinuous positive definite function then there exists a continuous positive
definite function K: 0  L(H) such that K | [&2a, 2a]=k.
Remark 4. It was proved in [15] that R has the extension property,
and it is well known and easy to prove that Z has the extension property.
Let E be a Hilbert space, let 0 be a locally compact abelian ordered
group, let a # 0, a>0, and let (S| , E|)| # [0, a] be a multiplicative family of
partial isometries.
For | # [&a, 0) we define the subspace E|=S&|E&| and S| as the
partial isometry S &1&| : S&|E&|  E&|
Definition 3. A central generating subspace for the family (S| , E|)| # [0, a]
is a closed subspace N of E such that:
(a) N/| # [&a, a] E| .
(b) E*=| # [&a, a&*] S|N for all * # [0, a].
Remark 5. Note that | # [&a, a] E|=E&a & Ea .
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Remark 6. If k: [&2a, 2a]  L(H) is a continuous positive definite
function and (S| , E|)| # [0, a] is the associated multiplicative family of
partial isometries then, with the same notation of Lemma 1, we have that
the subspace
N= [[h$0] : h # H]
is a central generating subspace for the family (S| , E|)| # [0, a] .
Proposition 1. Let E be a Hilbert space, let 0 be a locally compact
abelian ordered group, let a # 0, a>0 and let (S| , E|)| # [0, a] be a multi-
plicative family of partial isometries with a central generating subspace N.
Then
(i) N/| # [&a, a] S| E| .
(ii) If x, y, x+y # [&a, a] and f # N then Sy f # Ex and Sx+y f =SxSy f.
Proof. (i) Since E|=S&|E&| for all | # [&a, a], this result follows
from the definition of central generating subspace.
(ii) Let x, y # [&a, a] be such that x+y # [&a, a] and let f # N. Since
&a ya&x, by (b) of Definition 3, we have that Sy f # Ex .
If x0 and y0 it is clear that Sx+ y f =SxSy f. Suppose x0, y<0.
By (i) there exists g # E&y such that f =S&yg. Therefore
Sx+ y f =Sx+ y S&y g=Sxg=Sx(S&y)&1 f =SxSy f.
The other cases are similar. K
Theorem 1. Let 0 be a locally compact abelian ordered group. The
following conditions are equivalent:
(i) 0 has the extension property.
(ii) If E is a Hilbert space, a # 0, a>0 and (S| , E|)| # [0, a] is a
strongly continuous multiplicative family of partial isometries with a central
generating subspace on (E, 0) then there exist a Hilbert space G containing
E as a closed subspace and a strongly continuous unitary representation
(U|)| # 0 of 0 in L(G) such that S|=U| | E| for all | # [0, a].
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Proof. (ii) O (i). This follows immediately from Lemma 1.
(i) O (ii). Let N be a central generating subspace for the family
(S| , E|)| # [0, a] . For x, y # [&a, a] and f, g # N it is clear that
( f, g) [ (Sx f, Syg) E defines a sesquilinear bounded functional on N.
Therefore there exists a bounded linear operator B(x, y) # L(N) such that
(B(x, y) f, g)N=(Sx f, Syg) E
for all f, g # N.
If x, y, | # [&a, a] are such that x+|, y+| # [&a, a], Proposition 1
gives
(B(x+|, y+|) f, g)E=(Sx+| f, Sy+| g) E=(Sx f, Syg) E
for all f, g # N.
Therefore there exist a function k: [&2a, 2a]  L(N) such that
(k(x& y) f, g) N=(Sx f, Syg) E
for all f, g # N.
It is easy to check that k is positive definite and continuous.
As 0 has the extension property there exist a Hilbert space F containing
N as a closed subspace and a positive definite strongly continuous function
K: 0  L(F) such that K |[&2a, 2a]=k. The multiplicative family associated
with K is a strongly continuous unitary group (U|)| # 0 /L(G).
Since G= [[h$x]: h # F, x # 0] and
([ f$x], [ g$y]) G=(K(x& y) f, g) F=(k(x& y) f, g) N=(Sx f, Syg) E
for all f, g # F and x, y # [&a, a], if we define VSx f =[ f$x] for
f # N and x # [&a, a], we obtain an isometric operator from
E= [Sx f : f # N, x # [&a, a]] to G.
Therefore E can be identified with a closed subspace of G and, with this
identification, we have that S|=U| | E| for all | # [0, a]. K
4. THE EXTENSION PROPERTY AND THE COMMUTANT
LIFTING PROPERTY OF AN ORDERED GROUP
The following two definitions were given by the authors in [8], where
the problem of the extension of the commutant lifting theorem to a general
ordered group was studied.
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Definition 4 (see [8]). Let E be a Hilbert space, let 0 be a locally
compact abelian ordered group and let (S| , E|)| # 01 be a multiplicative
family of partial isometries on (E, 0).
A pair of closed subspaces (P1 , P2) of E is a generating pair for the
family if
(a) S|P1 /P1 and S &1| P2 /P2 for all | # 01 .
(b) P1 /| # 01 E| , P2 /| # 01 S| (E|).
(c) E|=P1 6 S &1| P2 for all | # 01 .
Definition 5 (see [8]). Let 0 be a locally compact abelian ordered
group, 0 has the commutant lifting property if the following holds:
For :=1, 2 let H: be Hilbert spaces and (W: (|))| # 01 /L(H:) be two
strongly continuous semigroups of contractions and let (V: (|))| # 01/L(F:)
be the minimal isometric dilation of (W: (|))| # 01 . Let X # L(H1 , H2) be
such that XW1 (|)=W2 (|) X for all | # 01 .
Then there exists Y # L(F1 , F2) such that:
(a) YV1 (|)=V2 (|) Y for all | # 01 .
(b) PF2
H2
Y=XPF1
H1
.
(c) &Y&=&X&.
Here PFH denotes the orthogonal projection of the Hilbert space F on
the Hilbert space H when H and F are subspaces of a larger Hilbert
space, in particular when H/F.
The following result was proved by the authors.
Theorem 2 (see [8, Theorem 2]). If 0 is a locally compact abelian
ordered group, then the following conditions are equivalent:
(i) 0 has the commutant lifting property.
(ii) If E is a Hilbert space and (S| , E|)| # 01 is a strongly continuous
multiplicative family of partial isometries on (E, 0) with a generating pair,
then there exists a Hilbert space G containing E as a closed subspace and a
strongly continuous group of unitary operators (U|)| # 0 /L(G) such that
S|=U| |E| for all | # 01 .
Proposition 2. Let 0 be a locally compact abelian ordered group, let E
be a Hilbert space and let (S| , E|)| # 01 be a multiplicative family of partial
isometries on (E, 0) with a generating pair (P1 , P2).
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If a # 0 and a>0 then the subspace
N=S &1a P2 6 SaP1
is a central generating subspace for the family (S| , E|)| # [0, a] .
Proof. Since SaP1 /P1 and S &1a P2 /P2 , we have
N/S &1a P2 6 P1=Ea
and
N/P2 6 Sa P1=Sa(S &1a P2 6 P1)=SaEa=E&a .
This gives (see Remark 5)
N/Ea & E&a= ,
| # [&a, a]
E| .
Let * # [o, a]
S &1* P2=Sa&* S
&1
a P2 /Sa&* N
and
P1 /S &1a N=S&a N,
thus
E*=P1 6 S &1* P2 / 
| # [&a, a&*]
S|N.
Also, for | # [&a, a&*],
S| N=S|S &1a P2 6 S|SaP1 /S
&1
* P2 6 P1=E* .
We have thus proved that
E*=P1 6 S &1* P2= 
| # [&a, a&*]
S|N.
Therefore N is a central generating subspace for the family
(S| , E|)| # [0, a] . K
Definition 6. Let 0 be a locally compact abelian ordered group. We
will say that |0 # 0 is an archimedean point if for each | # 0 there exists
a positive integer n such that n |0|.
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We will say that 0 is semi-archimedean if 0 is an ordered group and if
it has an archimedean point.
Note that Z2 with the lexicographic order, see Section 5, is semi-
archimedean but it is not archimedean.
Lemma 2. Let 0 be a locally compact abelian ordered group, let E be a
Hilbert space and let (S| , E|)| # 01 be a multiplicative family of partial
isometries on (E, 0). Suppose that a # 0 is an archimedean point and that
there exist a Hilbert space G containing E as a closed subspace and a
strongly continuous unitary representation (U|)| # 0 of 0 on L(G) such that
S|=U| |E| for all | # [0, a].
Then S|=U| |E| for all | # 01 .
Proof. Take |1 , |2 # [0, a] and let f # E|1+|2 . We have that S|2 f # E|1
and
S|1+|2 f =S|1 S|2 f =U|1U|2 f =U|1+|2 f.
Therefore
S|1+|2=U|1+|2 |E|1+|2 .
In the same way it is easy to prove that, for any positive integer p
S|1+ } } } |p=U|1+ } } } |p | E|1+ } } } |p
for all |1 , ...|p # [0, a].
Then
S|=U| |E| for all | # .
+
p=1
[0, p a).
Since a is an archimedean point we have that
.
+
p=1
[0, p a)=01
and the result follows. K
Theorem 3. Let 0 be a locally compact abelian ordered group. If 0 is
semi-archimedean and 0 has the extension property then 0 has the commu-
tant lifting property.
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Proof. Let E be a Hilbert space and let (S| , E|)| # 01 be a multiplicative
family of partial isometries on (E, 0) with a generating pair (P1 , P2) and
let a # 0 be an archimedean point.
Proposition 2 guarantees the existence of a central generating subspace
for the family (S| , E|)| # [0, a] .
Since 0 has the extension property there exist a Hilbert space G contain-
ing E as a closed subspace and a strongly continuous unitary representa-
tion (U|)| # 0 of 0 on L(G) such that S|=U| | E| for all | # [0, a].
Lemma 2 gives S|=U| | E| for all | # 01 , so the result follows. K
Since R has the extension property we obtain the following result, which
was proved by Arocena in [1]; see also [9, 6].
Corollary 1. The additive group of the real numbers, R, has the com-
mutant lifting property.
5. THE CASE 0=1_Z WITH THE LEXICOGRAPHIC ORDER
Let 1 and 4 be locally compact abelian ordered groups and let
0=1_4. The lexicographic order on 0 is defined in the following way:
If (#1 , *1), (#2 , *2) # 0 then
(#1 , *1)<(#2 , *2) if and only if *1<*2 or *1=*2 and #1<#2 .
It is easy to check that if 4 is discrete then, with this relation and the
product topology, 0 is a locally compact abelian ordered group.
We will consider the case 0=1_Z, where 1 is a locally compact
abelian ordered group and Z is the group of the integers.
If A is a partial isometry on the Hilbert space E, DA will denote the
domain of A and RA the range of A.
Proposition 3. Let 1 be a locally compact abelian ordered group and let
0=1_Z with the lexicographic order and the product topology.
Let 4=01 or 4=[0, a], where a # 0, a(0, 1), let (S| , E|)| # 4 be a
strongly continuous multiplicative family of partial isometries on (E, 0) and
let B=S(0, 1) . Then we have:
(i) DB=E(0, 1) /E(#, 0) for all # # 11 .
(ii) RB /RS(#, 0) for all # # 11 .
(iii) (S &1(#, 0) Bf, Bg) E=( f, S(#, 0)g)E for all # # 11 , f, g # DB .
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Proof. (i) Since (#, 0)<(0, 1) for all # # 11 the result follows from the
definition of multiplicative family of partial isometries.
(ii) Let f # DB=E(0, 1) and let # # 11 . Since (&#, 1)(0, 1) we have
that E(0, 1) /E(&#, 1) and S(&#, 1) f # E((0, 1)&(&#, 1))=E(#, 0) . So
Bf =S(0, 1) f =S(#, 0) S(&#, 1) f # RS(#, 0) .
(iii) Let f, g # DB=E(0, 1) and let # # 11 .
As in (ii) we have that Bf =S(#, 0) S(&#, 1) f and in the same way, since
(#, 0)<(0, 1), it is easy to check that
Bg=S(0, 1) g=S(&#, 1) S(#, 0) g.
So
(S&1(#, 0) Bf, Bg) E=(S
&1
(#, 0) S (#, 0) S (&#, 1) f, S (&#, 1)S (#, 0) g) E
=(S (&#, 1) f, S (&#, 1) S (#, 0) g) E
=( f, S (#, 0) g) E . K
Lemma 3. Let E be a Hilbert space. Let B be a partial isometry and let
(V#)# # 1 be a group of strongly continuous unitary operators on E. If
(V &1# Bf, Bg) E=( f, V#g) E
for all # # 11 , f, g # DB then there exist a Hilbert space F containing E as
a closed subspace, a unitary representation (U#)# # 1 of 0 on L(F) and a
unitary operator B # L(F) such that:
(i) (U#)# # 1 extends (V#)# # 1 .
(ii) B extends B.
(iii) U#B =B U# for all # # 1.
Proof. This result follows immediately from [2, Theorem 1, p. 329] or
it can also be obtained from [16, Lemma 2, p. 523]. K
Theorem 4. Let 1 be a locally compact abelian ordered group and let
0=1_Z with the lexicographic order and the product topology. If 1 is
semi-archimedean and 1 has the extension property then 0 has the extension
property.
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Proof. Let E be a Hilbert space, let a # 0, a>0, and let (S| , E|)| # [0, a]
be a multiplicative family of partial isometries with a central generating
subspace N/E. By Theorem 1 it is enough to show that there exist a
Hilbert space G containing E as a closed subspace and a strongly con-
tinuous unitary representation (U|)| # 0 of 0 on L(G) such that
S|=U| |E| for all | # [0, a].
Suppose a=(#0 , n0). We will consider three cases.
Case 1. n0=0. The extension problem is reduced to the case
0=1, which can be solved because 1 has the extension property. More
precisely, the associated multiplicative family of partial isometries is of the
form (S(#, 0) , E(#, 0))# # [0, #0] . Also N is a central generating subspace for this
family, therefore there exist a Hilbert space G containing E as a closed sub-
space and a strongly continuous unitary representation (V#)# # 1 of 1 on
L(G) such that S#=V# | E(#, 0) for all # # [0, #0]. We define U(#, n)=V# for all
(#, n) # 0.
Case 2. n01 and #0 is an archimedean point.
Consider the partial isometry B=S(0, 1) and the multiplicative family of
partial isometries (S(#, 0) , E(#, 0))# # [0, #0] . Proposition 3 guarantees
(i) DB=E(0, 1) /E(#, 0) for all # # 11 .
(ii) RB /RS(#, 0) for all # # 11 .
(iii) (S &1(#, 0) Bf, Bg) E=( f, S(#, 0)g)E for all # # 11 , f, g # DB .
It is easy to check that
M= 
(0, 0)(#, n)(0, n0)
S (#, n)N 6 
(0, 0)(#, n)(0, n0)
S &1(#, n) N
is a central generating subspace for the family (S(#, 0) , E(#, 0))# # [0, #0] .
Since 1 has the extension property there exists a Hilbert space F, which
contains E as a closed subspace and a strongly continuous unitary group
(V#)/L(F) such that V# | E(#, 0)=S(#, 0) for all # # [0, #0]. By Lemma 2 we
have that V# |E(#, 0)=S(#, 0) for all # # 11 . We also have
(V &1# Bf, Bg) F=(S
&1
(#, 0) Bf, Bg) G=( f, S (#, 0)g) G=( f, V#g) G
for all f, g # DB , for all # # 11 .
Lemma 3 yields a Hilbert space G containing F as a closed subspace, a
strongly continuous group of unitary operators (U#)/L(G) and a unitary
operator B # L(G) such that (U#)# # 1 extends (V#)# # 1 , B extends B and
U#B =B U# for all # # 1.
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For (#, n) # 0 let
S (#, n)=U#B n.
It is clear that (S (#, n)) (#, n) # 0 is a strongly continuous group of unitary
operators on the Hilbert space G. So it is enough to show that
S (#, n) |E(#, n)=S(#, n) for all (#, n) # [0, a).
Let (#, n) # [0, a).
If #0 then
S(#, n) f =S(#, 0) S(0, n) f =U#B nf =S (#, n) f
for all f # E(#, n) .
If #<0 it must be n1.
Since
E(#, n)= [ S(!, m) N : (!, m) # [&(#0 , n0), (#0 , n0)&(#, n)] ]
it is enough to show that
S (#, n) S(!, m)g=S (#, n) S(!, m)g=S (#+!, n+m)g
for all g # N and for all (!, m) # [&(#0 , n0), (#0 , n0)&(#, n)].
Suppose (#+!, m) # [&(#0 , n0), (#0 , n0)]. Since n1 we have that
mn0&1, so (!+#, m)(!, m)(#0+#, n0), therefore S(#+!, m)g # E(&#, 0)
and
S(&#, 0) S(#+!, m)g=S(!, m) g.
This gives
U#S(!, m)g=S(#+!, m) g. (1)
If m&n0+1, then (!, m)+(#, 0) # [&(#0 , n0), (#0 , n0)]. Using (1) and
that g # E(!+#, m+n) we obtain
S (#, n) S(!, m) g=B nU#S(!, m) g
=B nS(!+#, m)g
=S(0, n) S(!+#, m)g
=S(!+#, m+n) g. (2)
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If m=&n0 , from (1) we obtain
S (#, n) S (!, m) g=S (#, n)S(!, &n0)
=B n&1U#B S(!, &n0) g
=B n&1U#S(0, 1) S(!, &n0)g
=B n&1U#S(!, &n0+1)g
=B n&1S (!+#, &n0+1) g
=S(0, n&1)S (!+#, &n0+1) g
=S(!+#, &n0+n)g
=S(!+#, m+n)g
=S(#, n)S(!, m)g. (3)
Case 3. n01 and #0 is not an archimedean point.
Let *0 # 1 be an archimedean point and let us consider
T(#, n)=S(#&n*0 , n) , E$(#, n)=E(#&n*0 , n)
for (0, 0)(#, n)(#0+n0*0 , n0).
Then
(T(#, n) , E$(#, n))(0, 0)(#, n)(#0+n0*0 , n0)
is also a multiplicative family of partial isometries and the problem is
reduced to Case 2. K
Theorem 5. Let n be a positive integer. The group Zn with the
lexicographic order and the discrete topology has the extension property.
Proof. It is well known that Z has the extension property, so the results
follows from Theorem 4. K
Theorem 6. Let n be a positive integer. The group R_Zn with the
lexicographic order and the product topology has the extension property.
Proof. In [15] it was proved that R has the extension property, so the
results follows from Theorem 4. K
From Theorem 3 we obtain the following corollaries.
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Corollary 2. Let n be a positive integer. The group Zn with the
lexicographic order and the discrete topology has the commutant lifting
property.
Corollary 3. Let n be a positive integer. The group R_Zn with the
lexicographic order and the product topology has the commutant lifting
property.
Remark 7. Theorem 5 was proved for the case n=2 in [7] and
Corollary 2 was proved in [8].
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